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" NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A DiViSi(}Il C'ONTEST NUMBER 1

FALL 2007 ConTesT 1 TivE: 10 MINUTES

PARTI

FO7A1 Compute the number of possible ways to place 6 identical stonesona 6x6 chessboard
so that no two lie in the same row or same column.

FO7A2 Regular pentagon ABCDE has sides of length 3. Let R be the region composed of points
outside ABCDE which are at a distance of at most 1 from some point of ABCDE.
Compute the area of R.

PArTIT FALL 2007 CoNTEST 1 TdE: 10 MINUTES

FO7A3 Letx =log, 3*-log, 4* - log, 5' -log, 6 -log, 7° -log, 8" . Compute x.

FO7A4 Euler drove from Basel to St. Petersburg. For half the distance of his trip he traveled at
60 miles per hour (mph). For half the time of his trip he fraveled at 40 mph. For the
remaining portion of his trip he traveled at 50 mph. Compute his average speed for the
whole trip, in mph.

Parr HI FALL 2067 CONTEST 1 TIME: 10 MINUTES

FO7AS A non-constant geometric progression of real numbers has the property that its 1%, 5" and
5% terms form an arithmetic progression. Compute the common ratio of the peometric
progression.

FO7A6 Non-degenerate triangle ABC has vertices A(-1,0), B(1,0) and C(s,7) and the lincs
x=1 and y=2 each divide the triangle into two regions of equal area. Compute the
ordered pair (s, ).

AnswERs:  FOTAL 720

: FO7A2 15+ =
FO7A3 “ 15120
FO7A4 540/11
FOTAS -1

FO7A6 (3:4+242 )
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FO7A1 726. Method 1: There must be one stone in each row. In the first row, the stone has 6
different colamns into which it may be placed. Then in the second row, there are 5 remaining colnmns,
in the third row there are 4, in the fourth row 3, in the fifth row 2 and m the sixth row only I remaining
column. Thus the answer is 6-3-4-3-2-1=720.

Method 2: There are 36 possible places for the first stone. This leaves 25 squares for the second,
16 for the thizd, 9 for the fourth, 4 for the fifth and I for the sixth. However, any choice of six squares
can be arrived at in 6! different ways, so the answer js 22835 _ 730

FO7A2 15+ . Drawing the 10 lines shown breaks the region R into five 3x1
rectangles and five circular sectors, The central angle of each sector is 72 degrees, 50
the five sectors together have a central angle of 360 degrees, Le. they form a complete
circle of radius 1. Thus, the total area is 5-3+x =13+ 7. The interested reader should
consider trying to generalize this result to an arbitrary convex polygon.

FO7A3 15120. Recall that logs® =clogb and log, b= :’::i == Thus we can re-write our

productas | 21982 || 3los4 Y ylog3 I (lom6V [log7 ¥ logB | 5001088 _ 540315120,
log2Z A log3 A\ log4 | log5 i logb A log7 log2

F07A4 340

O Let £, be the time spent traveling at 40 mph, and likewise for #,, and #;,. Then

we have that £,, =1 +1,, and that 60z, =50z, +40¢,,. Substituting from the first equation into the
second gives 20, =90r,, so £, =95, /2. Substituting this back into the first equation gives
607, + 506, +40¢,, 2701, +50¢, +220, 540

1y =111, /2. The value we wish to calculate s : =—.
o+ 1y (915 /)40, +(1 15, /2) 11

FO7A5 -1. Let the first term of our geometric progression be @ and the common ratio be 7. Then
the third term is ar” and the fifth term is ar® so we have ar' —ar® = ar® —a. Since the progression is
non-constant, @ = 0 and we can divide to get #* —#* =r* —1 or in other words r* —2r? +1=0. The left-
hand side of this equation factors as (r —[}*(r +1)*, so the only possible values for » are +1. Since the
progression is non-constant, r =1 and the answer is -1.

FO7A6 (3,4+2\E}. Let AC interscct the line x =1 at the point (1, @). Then the portion of
AABC 1o the left of this ling is a right triangle and has area 1/2-2-a =g . Droppimg an altiinde from C
1o the line x = 1 shows that the right-hand side has area 1/2- (s —1-a, 50 we have that s—1=2 and 5=

3. Now, let the line y= 2 intersect AC at Mand BC at N. Then A4RC ~ AMNC . By the given, the
area of AMNC is exactly half the area of A4BC, and because the triangles are similar, the ratio of their

2
areas is the square of the ratio of their altitudes. Thus, ({—_2] =—é- . Multiplying out, we have
f

_B3E464-32
2

A

2 —8r+8=1¢ andso ¢ 41242, Since > 2 we must take the larger root and

(5,0) = (3,4 +24/2).
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FO7A7 If cost = % (0° <i< 9{)°), compute the value of {log, cost) +{log, tan?).

FO7A8 In A4 BC with right angle 4 as in the diagram below, 4B=4 and AC=3. Circle Ois
inscribed in AABC . AC is extended to point D such that circle P is inscribed in ABCD. If
both circles have the same radius, compute CD.

PARTIF Farr 2007 CONTEST 2 TIME: 10 MINUTES

FO7AS Two right circular cones of height 12 and base radius 4 are situated in space so that the
vertex of each is the center of the base of the other. Compute the volume of their
intersection.

FO7A10 If 0) =3 and for each integer n2>0, f{n+1}=3+F(0)F (1} f (2)>---7 (n), then
F(10) = p?, for some prime p and integer a, compute (p, a). '

PART I FALL 2007 CONTEST 2 TrvE: 18 MINUTES

FO7A11 If x= \/2 +4B+42+6+... isarootof x* +/x’ +ax+m =0, compute the ordered triple
(h, a. m).

FOTAL12 A jar holds g green and 17 blue marbles, for integer g. Pascal reaches into the jar and
selects three marbles at random, without replacement. Compute alf three possible values
of g so that the probability that Pascal chooses three green marbles is the same as the
probability that Pascal chooses two green and one blue marble.

Answers:  FO7A7 =172 FOTAID {3,1024)

FOTAR 9/2 FO7ALL (-4,-1,-2)

FO7AS | {1%:4 FO7A12 $,1,53
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FO7A7 -1/2. We have that cos®#+sin’ /=1, so sin’ 7 =% and since ¢ is in the first quadrant,

sinf =52, By log and trig rules, log, cos#+log, tan? = log, cosz-tant = log  sinz =log, 57 = —1/2.

1 2 1 21
Or: tant =5 R have log; :—E+log,. 5 =log,5 * = 5
FO7A8 The area of AdBCis 6. By K =rs, the radius of the cirele Is 1. Ifwelet CD = x, then

BD=J# +(3+x) = V25+6x+x.

By K =rs,weobtain: arez ABCD = %-x-4= 1-%-(5+x+\}‘25+6;r+x2),

dy=5+x+25+6x+x

3x—S=25+6x+x
Squaring both sides yields: ~ 9x7 ~30x+25=25+6x+x"
8+ —36x=0

As x=0 is impossible, x =—29— .

FO7AD9 16z . Consider the section through the cones shown at right. An
additional segment, corresponding to the circle of intersection of the surfaces of the two
cones, is drawn. This circle lies in a plane parallel to and equidistant from the planes

that contain the bases of the two cones. Thus, by similar triangles we see that the desired
volume consists of two cones of base radius 2 and height 6, joined at their base. One such

cone has volume % 2* .6 =8x, 50 the volume of the two cones together is 16z .

FO7A10 (3, 1024). The first few values are f()=3', f(D=3/(0)=3

and f(2)=3F(0)f(1)=3". Aneducated guess suggeststhat F(»)=3% . Then

F+D=3F O F Q) Fry=3-3 3237 = 30320 2 32 g our guess is confirmed by induction
and F(10)=3" =3 so {p.a)=(3,1024).

FO7A11l We can rewrite the expression as x = y2++/6+x . Squaring both sides and subiracting 2
yields x* —2 = /6 +x. Squaring again yields x* — 4 + 4 =x + 6. Finally, we getx' ~ 4" —x-2=0.
Therefore, (%, a, m) = (-4, -1,-2).

FO7A12 0, 1, 53. Thereare g-(g—1)-(g —2) ways Pascal can choose three green marbles, and
3-17-g (g —1) ways Pascal can choose one blue and two green marbles. The probabilities of these
events are the same if and only if the number of ways they can occur are equal, so we must solve
glg—-D(g-2)=51g{g—1) for integers g. Bringing everything to the left and factoring gives
g2(g—N{g-53=0,s0g=0, 1 or 53. (Note that if g = 0 or 1, the probability of both events

is equal to 0.)
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Partl
FO7A13

FO7Al4

FALL 2007 CONTEST 3 TiME: 10 MINUTES
Compute # such that a regular »#-gon has twice as many diagonals as sides.

There are four given numbers, w, x, y and z, and there are six pairwise sums which can b

formed, w+x,w+y,w+z,x+ p,x+zand y + z. For some choice of w, x, y and z, five of

these sums are 13, 25, 36, 39 and 48. Compute the sixth sum.

17

PArTIT

FO7A13

FO7Al16

FarLL 2007 CONTEST 3 TrvE: 10 MINUTES

Let R be the portion of the interior of unit square ABCD composed of all points X such
that: AX < BXY < DX <(CX . Compurte the area of R. '

A positive integer » is called a b-d-palindrome if its representation in base b is the same
ag its representation in base d except with the digits reversed (no leading 0°s allowed).
For example, 51 is a 5-7-palindrome because 201, =51=102,. Compute both

two-digit 7-10-palindromes. (Express your answer In base 10.)

Parrill

FO7A17

FOTAILS

FALL 2007 CONTEST 3 TIME: 10 MINU'IES

Compute the value of ther expression:
6s5in® 15" cos® 15" +5co0s* 15" +4sin’ 15" +sin*15".

Archimedes has a machine which outputs integers between 1 and 10, inclusive, so that

each integer has a fixed probability (possibly 0) of being produced. The expected value

of each output is 7 and the probability that an cutput is equal to 10 is p. Compuie the
largest possible value of . -

ANSWERS:

FO7A13 7
FO07A14 22
FO7A15 1/8
FO7A16 23,46
FO7A17 5
FO7A18 23
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FO7AIL3 7. The number of diagonals of a regular #-gon is pRe3)

. Therefore we must solve the

equation 25 = @ . This quadratic equation has solutions #= 0 and » = 7. Since there is no such

thing as a 0-gomn, the answer is 7.

FO7A14 22. Notice that (w+x)+(y+2z) = (w+ ) +(x+z2)={w+z)+(x+ ), so our six sums can
be broken into three pairs with equal sum. With only five of the six sums, we must still have two pairs
with equal sum. The only such pairs among the five sums given are 13 +48 =25 +36=01, so omr
desired sum is 61 —39 =22.
A B

FO7A15 1/8. Choose a point Xin R. Since X must be closer to 4 1
than to B, X must lie on the same side as 4 of the perpendicular bisector
of segment 4B. Since X must be closer to B than to D, X must lie on the
same side as B of the perpendicular bisector of segment BD. The region
satisfying these requirements is shown: it is an isosceles right {riangle
with legs of length 1/2 and so with area 1/8. Every point on the interior
of this triangle is closer 1o 73 than fo C, so this region is exactly the
region R. _

Alternatively, note that every point on the interior of the square D c
fits one of the following criteria: either it is equidistant from two vertices
of the square or its distances from the four vertices are distinct. The set of points in the first case have
zero total area. For the points in the second case, note that choosing a nearest veriex automaticably fixes
a furthest vertex: those points in the square nearer to 4 than any other vertex are all further from C than
any other vertex; those nearest B are furthest from D, and so on. Thus, there are four possible choices
for the nearest vertex and two possible choices for the next nearest vertex, so a total of & distinct regions,
one of which is B, whose total area is 1. Becanse of the symmefry of the situation, each of these regions
must have equal area, so in particular the area of R 15 1/8.

FO7A16 23, 46. Let our integer be 10a+b =ab, =ba, =7b+a. Then 3¢ =28 and b is divisible

by 3. Note that # and & are digits that can be used in base 7, and both can be used as the left-most digit
of an integer, so they are among {1, 2, 3, 4, 5, 6}. Thus & can be either 3 or 6, and the corresponding
values of g are 2 and 4.

FO7A17 5. Let s=sin’15 so I —s=cos’15. Then our expression becomes
65(1—5)+50—5¥ +4s+5" = (65—-65") +(5-105+ 55" ) +45+ 5> =5. Note that in particular that the
answer is independent of s.

F07A18 2/3. Let p, be the probability the machine produces a 1, p, the probability i produces a
2, and so on, s0 p = p,, is the quantity we want to maximize. Then E=7=1-p +2-p,+...+10- p,,.
Since all probabilities are positive, we have 7= (p, +p, +... B, )+10p, = (1-p,, ) +10p, =%p,, +1. It

%
follows immediately that p, < ? We see that 2/3 is actually achieved for a machine that outputs 1 with
probability 1/3 and 10 with probability 2/3, so if is the maximum.
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FO7A19 Each letter in the word BERWNOULLI is written on a scrap of paper (so, there are 9 scrap
of paper in use). Four of these scraps are selected at random to make a new “word.”
Compute the probability that this new word contains exactly one “L”.

FO7A20 Compute the prime number p such that 16} ends in the same number of zeroes when it is
written in base 16 as it does when it is written in base p.

PARTH FALL 2007 ConTEST4 TiME: 10 MINUTES

FO7A21 The sequence ,,a,,d;,... is a non-constant arithmetic progression and the terms 4,4,
and g, form a peometric progression. Compaute the ratio: EG—.

a;

F07A22 If x =43, compute the value of the expression:

(x+D(x* +0(x" +x +D(x = D{x* =2 +1)(x* —x+1).

Parr Iy Farr 2007 CONTEST 4 TIME: 10 MINUTES

FO7A23 S is a set with 6 elements. Gauss chooses subsets of S with 3 elements so that no two of
the chosen subsets have more than 1 element in common. Compute the greatest number
of such subsets that Gauss can choose.

FO7A24 Points 4, B, C and D are given :'m.the plane so that A4BC is equilateral with side length
and D is equidistant from 4, B and C. Three circles are drawn so that each passes
through D and two of 4, B, C. Compute the total area enclosed by these circles.

ANSWERS:

FOTAIS 5/9

FO7A20 5
F07A21 6/5
FO7A22 8
FO7A23 4

93 127493
o+ 2 or 5

FO7A24
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FO7A19 5/9. There are ,C, =126 total ways to choose four of the nine letters. Of these,
,C,-,Cy=2-35=70 contain exacily one L. Thus, our answer is 70/126=5/5.

FO7A20 5, In orderio calculate the number of Os at the end of 16! in base 16, we nwst calculate
the number of times that 16 divides 16!=2".3°.5.72.11-13'. Each factor of 16 adds four factors of 2,

so 16’ is the largest power of 16 which divides 16!, and 16! ends in three Os base 16. Thus weneed a
prime which divides 16! exactly three times; from the prime factorization, the only sach prime is 5.

FO7A21 6/5. Let 4 be the common difference, so @, =a,+d and a, =a,+3d. Then we have
a-a, = (a),so a-(a+3d)=(a,+d)’ and by expanding and equating like terms, ad =d”. Since the
a, 6

sequence is non-constant, d = 0 and so d =g, =0. Thus g, =534 and a, =64 and thus ===z
s

FO7A22 8. Pairing the first term with the sixth, second with the fifth and third with the fourth
term in the product gives (x:‘ +I) (xﬁ > 1) (f —I). Pairing the first and Iast term in this new product and

making the given substitution for x gives the answer of (3+1)3-1)=8.

FO7A23 4. Consider two of the chosen subsets, Tand IJ. If T and {7 have no elements in
common, then every element of § belongs fo either 7 or &/ and so any third three-element subset must
intersect at least one of 7,1/ in two elements. Otherwise, every pair of subsets intersect in exactly one
point. Now, suppose we have three or more chosen subsets. It is not possible for three of these subsets
to share a common element, for if they did then each would need two more elements not in either of the
others and so there would be in tofal at least [ +3.2 = 7 elements of §, a contradiction. Thus every
element of § belongs to at most two of the chosen subsets. Since each pair of chosen subsets have one
element i common and each element belongs to at most one pair of chosen subsets, the number of pairs
of subsets must be at most the number of elements, Since we have 6 elements, Gauss cannot choose
more than 4 subsets. The choices § ={1,2,3,4,5,6},T ={1,2,3},U ={1,4,5},V ={2,4,6} and

W ={3,5,6} show that four is possible, so it is the maximum.

FO7A24 6+ ﬁ From the fact that D trisects the altitudes of A4BC, we have that

DA=DB=DC =+3. Let O be the center of the circle which passes through B, C, D. Notice that

mABDC =120, so the measure of the (larger) BC is 240° and mABOC = mBDC =120°. Notice that
ABDC ~ ABOC by SAS similarity, but since they share side BC we in fact have ABDC = ABOC and so
quadrilateral BOCD is a thombus of side length /3. The grea in question is composed of three of these
rhombuses and three 240° sectors of circles. Bach rhombus is composed of two equilateral triangles of
side length /3 , and this is also the radius of the circles, Thus, the area in question is

"[2 7(@)2]4-6 @%ﬁ ‘5ﬂ+9v{-

2
3

3| — = 4
2
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PARTTY FALL 2007 CONTEST 5 TrdE: 10 MINUTES
FO7AZ25 iTems come in packages of three and five. Cauchy has a coupon so that each package of
three iTems costs $2 while each package of five iTems costs $4. Compute the smallest
amount of money, in dollars, that Cauchy can pay to purchase exactly 35 iTems.
FO7AZ6 ABCDEF is a hexagon, all of whose interior angles measure 120 degrees, AB=CD =3,
EF=1 and BC=6. Compute DE.
PARTII FALL 2007 CONTEST 5 TraE: 160 MINUTES
FO7A27 Ifx and y are two positive real numbers such that 6x* —13xy+5%* =0, compute all
2 _ 2 ;
possible values of xz 4 i
4y
FO7A28 Compute the smallest positive integer i such that 25# leaves a remainder of 1 when
divided by 49 and 49# leaves a remainder of 1 when divided by 25.
ParrHT - Fapi 2007 CONTEST § TrvE: 10 MINUTES
FO7A29 Two sequences are defined recursively by the equations g, =3, 5, =2, a,,,=4a, +, and
b, =a—b for n>1. Compuic a,.
FO7A30 A rotation in the plane by an angle @ centered at the point (@, &) maps (0, 5) to
(~8/5,29/5) and maps (2, -9) to (26/5,-33/5). Compute the ordered pair (2, 5).
AnswERs:  FO7A25 24
FO7A26 - 8
ro7azy 28
517
FOTA28 149

. FO7A29 192
_FO7A30 3,1
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FO7A25 24. Note that iTems in packages of three cost less than iTems in packages of five. Thus,
Cauchy should seek to purchase as many packages of three as possible. This occurs when Cauchy
purchases ten packages of three and one package of five, for a total cost of 10-2+1-4 = 24 dollars.

FO7A26 8, Extend sides B(, DE and AF of the hexagon, as shown, They form three
smaller equilateral triangles, one with side Tength 1 and two with side length 3, and one
larger equilateral friangle. The larger triangle has side length 3+6+3 =3+x+1,850x =
8.

Alternatively, one can extend £F and BC and draw lines through A4 and D
perpendicular to these two sides, This inscribes the hexagon in a rectangle, and A
one can solve the linear equations that arise from ensuring that the opposite sides 7

of the rectangle have the same length to find the length of DE.

FO7A27 —

th |

’ % Solving the given equation for y in terms of x, we have either that y = 2x or that

_ Fopt P 3,
¥ =13x/5. Inthe first case, we get — }?= 5 xﬂz—i;mﬂlesecond case, we zet
X4yt ox by 3

-y _¥-9/25_8
¥+y' Fenffas 17

FO7A28 149. Note that 50=25-2 leaves a remainder of 1 on division by 49. Thus, any integer #
such that 25# leaves a remainder of 1 on division by 49 must differ from 2 by a multiple of 49, ie.
n=49m+2 for some positive m. Then we seek the smallest s such that 49(49m +2) = 2401m + 98
leaves a remainder of 1 on division by 25. Then m +23 also leaves a remainder of 1 on division by 25,
the smallest positive value of m is thus 3, and it gives us our answer, 7=49-3+2=149.

FO7A29 192. It would be easy énough to compute the terms of the sequence , however, it is more
efficient to notice that g ,, =a_,,+5,,,=(a, +5)+(a,—-b,)=2a_,so0

R W R B A

FO7A30 (-3, 1). A rotation does not alter the distance between the center of rotation and any

point, so we must have \Ja® +{b~5F =J{a+8/5F +(5-29/5F and
Jia -2 +(h+9Y = -J{a~26/5)’ +{b+33/5y . Squaring both of these equalities and collecting like
terms gives the two linear equations 2a— b= -7 and 4a + 34 = -9 which have the unique solution
(H,b} = (_351) &
The angle of rotation is afctan;—?_, one of the acute angles in a fight triangle with sides of lenzth
7

44, 117 and 125. It is also the difference hetween the larger acute angles of 4 7-24-25 and a 3-4-5 right
triangle.




